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Abstract
In this paper, we classify the ring of Witt vectors and the necklace ring associated with the formal group
law X + Y − qXY up to strict-isomorphism as q varies over the set of integers. We also introduce a
q-deformation of the Grothendieck ring of formal power series with constant term 1 over rings in which
q · 1 is a unit. Various bijections related to Witt vectors, necklaces, and formal power series are given. As
an application, we provide a q-analogue of the celebrated cyclotomic identity and its bijective proof.
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1. Introduction
Let B be a torsion-free commutative ring with identity and F(X,Y ) be a one-dimensional
formal group law over B . In the context of formal group laws it is well known that F(X,Y )
induces a unique functor, WF : AlgB → Ab, from the category of B-algebras to the category of
abelian groups, satisfying the following properties:
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WF (A) = AN.
(ii) For any algebra homomorphism φ :A → A′, the map WF (φ) : x → (φ(xn))n∈N is a group
homomorphism. Here, x denotes the vector (xn)n∈N.
(iii) The map,
ΦF :WF (A) → gh(A), x →
(
n
∑
d|n
a n
d
x
n
d
d
)
n∈N
,
is a group homomorphism. Here, an’s (n ∈ N) represent the coefficients of the logarithm of
F(X,Y ) (see [2, Theorem (25.1.12)]).
Denote by Fq(X,Y ) the formal group law X + Y − qXY , where q is any integer. It was
shown in [3,6,8] that WFq (A) has multiplication structure for any commutative ring A. Thus, in
this case, we can derive a covariant functor, denoted by Wq : Ring → Ring, from the category
of commutative rings to itself. In particular, when q = 1, it coincides with the functor of the
universal ring of Witt vectors W. Although Wq(A) shares many properties with W(A), their
algebraic structure turns out to be quite different from each other in case where q · 1 is not
invertible in A. For instance, Wq(A) does not possess an identity in such a case.
Let us fix a commutative ring A with identity. In this paper, we mainly deal with two topics:
One is on the classification of Wq(A) up to strict-isomorphism as q varies over the set of integers,
and the other is on a q-deformation of the Grothendieck ring of formal power series with constant
term 1. In the classical case (the case where q = 1), the theory of Witt vectors is inseparable from
that of the necklace ring and the Grothendieck ring of formal power series with constant term 1
(see [1,4]). From this point of view it would be quite natural to consider a q-deformation Λq(A)
of the necklace ring and the Grothendieck ring of formal power series corresponding to Wq(A).
As far as a q-deformation of the necklace ring is concerned, it has been already introduced in
[3,6,8] in the name of Nrq(A). On the contrary, any q-deformation of the Grothendieck ring
of formal power series has not been considered yet. For this reason we would like to find a q-
deformation Λq(A) of the Grothendieck ring of formal power series, in particular, in case where
q · 1 is a unit in A. This will yield various relations among q-deformed objects such as Wq(A),
Nrq(A), and Λq(A).
As an application, we generalize product decompositions of formal power series which arise
from canonical isomorphisms among W(Z), Nr(Z), and Λ(Z). More precisely, the diagram in
[1, Eq. (1.7)] provides various bijections related to necklaces, Witt vectors, and the formal power
series with constant term 1. We study its q-deformation when q ranges over the set of nonzero
integers via the following diagram
Wq
(
Z
[ 1
q
]) τq (∼=)
Φq
Nrq
(
Z
[ 1
q
]) sqt (∼=)
ϕq
Λq
(
Z
[ 1
q
])
d
dt
log
gh
(
Z
[ 1
q
]) id gh(Z[ 1
q
]) ιq
Z
[ 1
q
]
tq .
(1.1)
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q
] in the above diagram can be replaced by any binomial ring in which q · 1 is
invertible. In particular, considering the identity
Hq(x,0,0, . . .) = sqt ◦ τq(x,0,0, . . .),
we obtain an analogue of the celebrated cyclotomic identity which looks like
1
1 − qxt =
∏
n1
(
1
1 − qtn
)Mq(x,n)
.
This paper is organized as follows: In Section 2, we review preparatory results on Wq(A) and
Nrq(A). In Section 3, we focus on the classification of the ring of Witt vectors and the necklace
ring associated with the formal group X+Y − qXY , q ∈ Z. In Section 4, a q-deformation of the
Grothendieck ring of formal power series is given over the rings in which q · 1 is invertible. The
final section is devoted to a q-version of the cyclotomic identity. Following the method in [5],
we provide a bijective proof of this identity.
2. Preliminaries
2.1. Formal group laws, and the ring of Witt vectors and the necklace ring associated with the
formal group law X + Y − qXY
In this section, we review prerequisites on the ring of Witt vectors and the necklace ring
associated with the formal group law Fq(X,Y ) = X + Y − qXY , q ∈ Z. Throughout this paper,
A will denote a commutative ring with identity.
To begin with, we briefly recall the theory of formal group laws (see [2,3]). A formal group
law over A is a formal power series, F(X,Y ) ∈ AX,Y , satisfying
(1) F(X,0) = F(0,X) = X,
(2) F(X,Y ) = F(Y,X),
(3) F(X,F (Y,Z)) = F(F(X,Y ),Z).
For example, Fq(X,Y ) = X + Y − qXY (q ∈ Z) can be viewed as a formal group law over an
arbitrary commutative ring with identity. Let F and G be formal group laws over A. If f (X) ∈
AX with constant term 0 satisfies
f
(
F(X,Y )
)= G(X,Y ),
then it is called a homomorphism between F and G. It is easy to show that if f ′(0) is a unit in A
then there exist a unique homomorphism g(X) such that f (g(X)) = g(f (X)) = 1. In this case
we call f (X) an isomorphism. In particular, it is called a strict isomorphism if f ′(0) = 1.
Example 2.1. Let q and r be nonzero integers. Then the unique strict isomorphism over Q from
Fq to Fr is given by
328 Y.-T. Oh / Journal of Algebra 310 (2007) 325–350f (X) = 1 − (1 − qX)
r/q
r
= X +
∑
n2
(−1)n−1 (r − q) · · · (r − (n− 1)q)
n! X
n.
In case where A is torsion free, the formal group law F has a logarithm
logF (X) =
∑
n1
anX
n, a1 = 1 and an ∈ AQ.
Here, AQ denotes A ⊗ Q. The compositional inverse of logF (X) is denoted by expF (X). For
example,
logFq (X) =
∑
n1
qn−1
n
Xn = 1
q
log
(
1
1 − qX
)
and
expFq (X) =
1 − exp(−qX)
q
.
Let us introduce the notation
[b]F (X) := expF
(
b logF (X)
) ∈ AQX for b ∈ AQ.
Definition 2.2. Let A be a torsion-free commutative ring with identity and F a formal group law
over A. Given a subalgebra B of A, if [b]F (X) ∈ AX for every b ∈ B , then F(X,Y ) is called
a formal B-module.
In the previous section, we mentioned that every formal group law F over a torsion-free
commutative ring A with identity induces a functor WF from the category of A-algebras to the
category of abelian groups. Similarly we can obtain a functor from the category of formal group
laws over A to the category of abelian groups by assigning to a formal group G over A the group
WG(A).
On the other hand, each formal group law Fq(X,Y ), q ∈ Z, induces covariant functors from
the category of commutative rings with identity to the category of commutative rings (see [6,8]).
Given q ∈ Z and a commutative ring A with identity, Wq(A) can be characterized as follows:
(Wq1) As a set, it is AN.
(Wq2) For any ring homomorphism f :A → B , the map Wq(f ) : x → (f (xn))n∈N is a ring
homomorphism, where x denotes the vector (xn)n∈N.
(Wq3) The map,
Φq :Wq(A) → gh(A), x →
(∑
d|n
dq
n
d
−1x
n
d
d
)
n∈N
,
is a ring homomorphism.
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co-ordinatewise. In the literature it is called the ghost ring over A.
In the same manner, Fq(X,Y ) (q ∈ Z) induces another covariant functor Nrq from the cate-
gory of commutative rings with identity to the category of commutative rings. More explicitly,
Nrq(A) can be characterized as follows:
(Nrq1) As a set, it is AN.
(Nrq2) For any ring homomorphism f :A → B , the map Nrq(f ) : x → (f (xn))n∈N is a ring
homomorphism.
(Nrq3) The map,
ϕq : Nrq(A) → gh(A), x →
(∑
d|n
dq
n
d
−1xd
)
n∈N
,
is a ring homomorphism.
Remark 2.3. W1(A) coincides with the universal ring of Witt vectors W(A) over A. Similarly,
Nr1(A) is the necklace ring Nr(A) over A (see [4]). When q = 0, W0(A), which coincides with
Nr0(A), is defined by insisting that the map
Φ0 :W0(A) → gh(A), x → (nxn)n∈N
is a ring homomorphism.
Next, let us recall a functor which is equivalent to the functor Wq . As before, Fq(X,Y )
denotes the formal group X + Y − qXY for some q ∈ Z. Define the group of curves C(Fq,A)
over A by the abelian group whose underlying set is{∑
n1
ant
n: an ∈ A
}
and whose addition is given by
γ1(t)+ γ2(t) = Fq
(
γ1(t), γ2(t)
)
,
where γ1(t), γ2(t) ∈ C(Fq,A). Then it is easy to show that a group homomorphism f :A → B
gives rise to a group homomorphism
C(Fq, f ) :C(Fq,A) → C(Fq,B),
∑
n1
Fq
ant
n →
∑
n1
Fq
f (an)t
n.
Here, the notation
∑Fq was introduced to distingush the sum in C(Fq,A) from the usual one. In
this way we can obtain a functor, C(Fq, ·), from the category of commutative rings with identity
to the category of abelian groups. Related to this functor, it is well known in the context of formal
group laws that the Artin–Hasse type exponential map
Hq
(:= HFq ) :Wq(A) → C(Fq,A), a →
Fq∑
ant
n,n1
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viewing Wq and C(Fq, ·) as functors from the category of commutative rings with identity to the
category of groups.
On the other hand, the viewpoint we will take in this paper is to see C(Fq,A) as a ring via Hq
and C(Fq, ·) as a functor from the category of commutative rings with identity to the category of
commutative rings.
For a torsion-free ring A, let us define the map
Eq : gh(AQ) → C(Fq,AQ), (dn)n∈N → expFq
(
d(t)
)
,
where d(t) =∑n1 dnn tn. Then one can easily verify that the following diagram
Wq(AQ)  C(Fq,AQ)
gh(AQ)







Hq
EqΦq 
is commutative and all maps are ring isomorphisms.
2.2. q-necklace polynomials and binomial rings
As in the classical case, the functors Wq and C(Fq, ·) have a close connection with the functor
Nrq . In this section, we study this connection briefly. For further information see [8].
We start with recalling the concept of q-necklace polynomials and binomial rings. Given
m ∈ N, we define a matrix ζ qm on the lattice of divisors of m, by
ζ
q
m(d1, d2) =
{
q
d2
d1
−1 if d1|d2,
0 otherwise,
and μqm by its inverse. Set
Mq(x,n) := 1
n
∑
d|n
μ
q
n(d,n)q
d−1xd .
When q = 1, we omit the superscript conventionally.
Lemma 2.4. [8] For every n ∈ N and q ∈ Z, Mq(x,n) is a numerical polynomial, that is, a
polynomial which takes integer values for integer x.
In view of Lemma 2.4 one can define the map
Mq :Z → Nrq(Z), m → (Mq(m,1),Mq(m,2), . . .).
It is well known that it is a ring homomorphism when q = 1. However, it does not seem to be
known yet how the class of the rings on which q-necklace polynomials are well-defined can be
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on binomial rings. To begin with, we need the notion of special λ-rings.
A λ-ring R is a commutative ring with identity with operations λn :R → R, n = 0,1,2, . . .
such that
(1) λ0(x) = 1,
(2) λ1(x) = x,
(3) λn(x + y) =∑nr=0 λr(x)λn−r (y).
If t is an indeterminate, for x ∈ R, we define λt (x) =∑n0 λn(x)tn. By the third condition in
the above definition, it is straightforward that λt (x + y) = λt (x)λt (y). It is well known that for
any commutative ring A with identity, we are able to give a λ-ring structure on
Λ(A) = {1 + a1t + a2t2 + · · · | ai ∈ A}
(see Section 2.3).
Definition 2.5. A λ-ring R is said to be special if λt :R → Λ(R) is a λ-ring homomorphism, that
is, a ring homomorphism commuting with the λ-operations.
Grothendieck showed that, for any commutative ring with identity A, Λ(A) becomes a spe-
cial λ-ring for the λ-ring structure mentioned above. Let R be a λ-ring. Define the nth Adams
operation Ψ n :R → R by
d
dt
logλt (x) =
∑
n0
(−1)nΨ n+1(x)tn
for all x ∈ R. If R is a special λ-ring, it is well known that Ψ n’s (n ∈ N) are λ-ring homomor-
phisms and Ψ n ◦Ψm = Ψmn for all m,n 1.
Definition 2.6. A special λ-ring in which Ψ n = id for all n 1 will be called a binomial ring.
Lemma 2.7. [7,9]
(a) Let A be a torsion-free commutative ring with identity such that ap = a mod pA if p is a
prime. Then A has a unique special λ-ring structure with Ψ n = id for all n 1.
(b) Let A be a torsion-free commutative ring with identity. Then A is a binomial ring if and
only if
M(a,n) ∈ A
for all a ∈ A and n ∈ N.
Let A be a torsion-free binomial ring. Then necklace polynomials M(x,n)’s (n ∈ N) can be
written as a polynomial in λi(x)’s (1 i  n) with integral coefficients by the theory of symmet-
ric functions. This phenomenon also happens for q-deformed necklace polynomials Mq(x,n)’s
(n ∈ N). For example, the first four Mq(x,n)’s can be written as follows:
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Mq(x,2) = qλ2(x),
Mq(x,3) = q2(xλ2(x) − λ3(x)),
Mq(x,4) = q3x2λ2(x) + (q2 − q3)xλ3(x)− q2 + q3
2
λ2(x)2 − (q2 − q3)λ4(x).
Using these polynomials let us extend the definition of Mq(x,n) to any binomial ring, particu-
larly to rings with torsion.
Lemma 2.8. [8] If A is a binomial ring, then
Mq(a,n) ∈ A
for all a ∈ A and n,q ∈ N.
By virtue of Lemma 2.8 one can define the map
Mq :A → Nrq(A), a → (Mq(a,1),Mq(a,2), . . .)
if A is a binomial ring.
Next, we introduce the r th Verschiebung operator (r ∈ N)
Vr : Nrq(A) → Nrq(A), (bn)n∈N → (b n
r
)n∈N
with bn
r
:= 0 if n/r /∈ N. Clearly this map can be defined over an arbitrary ring. Note that it is
additive. With this notation, we have
Theorem 2.9. [8] Let q be any integer and A a binomial ring. Then the map
τq :Wq(A) → Nrq(A), (an)n∈N →
∑
r1
VrM
q(ar),
is a ring isomorphism, and also satisfies the relation Φq = ϕq ◦ τq .
Here, τq is determined by a family of universal polynomials. More precisely,
τq : x → (p1,p2, . . .),
where pn is a polynomial in λi(xk)’s (1 i  n, 1 k  n− 1) with integral coefficients whose
form looks like
xn + a polynomial in λi(xk)’s.
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tions among Wq(A), Nrq(A), and C(Fq,A), in case where A is a torsion-free binomial ring. To
begin with, let us consider the map
cq : Nrq(AQ) → C(Fq,AQ), a →
∑
n1
Fq [an]Fq
(
tn
)
.
Theorem 2.10. Let q be an integer and A a torsion-free commutative ring with identity. Then the
following statements are equivalent.
(a) Fq(X,Y ) is a formal A-module (see Definition 2.2).
(b) τ :W(A) → Nr(A) is a ring isomorphism.
(c) A is a binomial ring.
Proof. (a) ⇒ (b): It suffices to show that the isomorphism τq :Wq(AQ) → Nrq(AQ) restricts
to τq :Wq(A) → Nrq(A). It follows from [3, Proposition 2.13(2)].
(b) ⇒ (c): Observe that
τ(x,0,0, . . .) = (M(x,n))
n∈N.
This implies that M(x,n) belongs to A for all x ∈ A and n ∈ N. Now, the desired result follows
from [7, Theorem 3.12].
(c) ⇒ (a): Since A is a binomial ring the map τq :Wq(A) → Nrq(A) is a ring isomorphism
(see [7, Theorem 3.3]). On the other hand, it is well known that Hq = cq ◦ τq . This forces that
[a]Fq (t) ∈ At for all a ∈ A, that is, Fq is a formal A-module. 
In view of Theorem 2.10 and [3, Eq. (2.14)] we obtain the following commutative diagram in
case where A is a torsion-free binomial ring:
Wq(A)  Nrq(A)
gh(A)
c
q
C(Fq,A)




 



Eq (if A is a Q-algebra).
τq
∼= ∼=
ϕqΦq
If A is a Q-algebra, then all maps appearing in the above diagram are ring isomorphisms.
2.3. The Grothendieck ring of formal power series
For a commutative ring A with identity we set
1 +At+ :=
{
1 +
∑
n1
ant
n: an ∈ A
}
.
In 1956, Grothendieck introduced a functor Λ by endowing a ring structure on the set 1+At+.
In this section, we review his description of Λ and the fact that it is equivalent to W.
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terminates x1, x2, . . . ; y1, y2, . . . . And then we define si (respectively σj ) to be the symmetric
functions in variables x1, x2, . . . (respectively y1, y2, . . .), that is,
(
1 + s1t + s2t2 + · · ·
)=∏
i1
1
1 − xit ,
(
1 + σ1t + σ2t2 + · · ·
)=∏
i1
1
1 − yit .
Set Pn(s1, . . . , sn;σ1, . . . , σn) to be the coefficient of tn in
∏
i,j
1
1 − xiyj t ,
and Pn,m(s1, . . . , smn) the coefficient of tn in
∏
i1<i2<···<im
1
1 − xi1 · · ·ximt
.
Then, the λ-ring structure on Λ(A) is given by
(1) ⊕: Addition is just multiplication of power series.
(2) : Multiplication is given by
(
1 +
∑
ant
n
)

(
1 +
∑
bnt
n
)
= 1 +
∑
Pn(a1, . . . , an;b1, . . . , bn)tn.
(3) Λm(1 +∑antn) = 1 +∑Pn,m(a1, . . . , anm)tn.
The operations on the Grothendieck ring of formal power series can be better understood
in terms of symmetric functions. Let X = {xi : i  1} and Y = {yj : j  1} be infinite sets of
commuting indeterminates, which are called alphabets. Let us introduce the following operations
on alphabets:
X + Y = {xi, yi : i  1},
X · Y = {xiyj : i, j  1},
Λm(X) = {xi1 · · ·xim : i1 < i2 < · · · < im}.
Using the notation
H(X, t) =
∏
i1
1
1 − xit ,
then (1)–(3) can be regarded as expressing the identities.
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H(X, t)  H(Y, t) = H(X · Y, t),
Λm
(
H(X, t)
)= H (Λm(X), t).
For a ring homomorphism f :A → B the corresponding homomorphism is given by
W(f ) :Λ(A) → Λ(B), 1 +
∑
n1
ant
n → 1 +
∑
n1
f (an)t
n.
Lemma 2.11. [2,7]
(a) W is naturally-equivalent to Λ. In this case, the natural equivalence E is given by
EA :W(A) → Λ(A), (an)n∈N →
∏
n1
1
1 − antn .
(b) Let A be a binomial ring. Then the map
st : Nr(A) → Λ(A), (bn)n∈N →
∏
n1
(
1
1 − tn
)bn
is a ring isomorphism. Moreover, H(:= H 1) = st ◦ τ .
In 1989, Dress and Siebeneicher [1] interpreted the necklace ring Nr(Z) as the Burnside-
Grothendieck ring Ωˆ(C) of isomorphism classes of almost finite cyclic sets. Here, C denotes the
multiplicative infinite cyclic group. Also, they provided the following diagram:
Nr(Z)
int
W(Z)
τ
Φ
Ωˆ(C)
st
ϕ
Λ(Z)
t d
dt
log∏
N
Z
obvious gh(Z) identification tZt.
(2.1)
In Section 4 we will derive a q-version of diagram (2.1).
3. Classification of the ring of Witt vectors and the necklace ring associated with the
formal group X + Y − qXY
3.1. Classification of Wq(A) as q varies over Z
Let A be a commutative ring with identity. Fix two arbitrary integers q and r . The aim of
this section is to provide a necessary and sufficient condition for Wq(A) and Wr (A) to be
336 Y.-T. Oh / Journal of Algebra 310 (2007) 325–350strictly-isomorphic to each other. To begin with, we introduce the prerequisite notations. Given
an integer q , we define D(q) by the set of divisors of q , and Dpr(q) by the set of prime divisors
of q , respectively. Conventionally, D(0) will denote the set of positive integers N, and Dpr(0)
the set of all primes in N.
Definition 3.1. Let q and r be arbitrary integers. Under the above notation, Wq(A) is said to
be strictly-isomorphic to Wr (A) if there exists a ring isomorphism, say rq :Wq(A) → Wr (A),
satisfying Φq = Φr ◦rq . In this case, rq is called a strict-isomorphism.
With the above notation, our main result cab be stated as follows:
Theorem 3.2. Fix two arbitrary integers q and r , and let
Dpr(q) = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) = {p1, . . . , pk;d1, . . . , dt }.
Note that pi ’s are common prime divisors of Dpr(q) and Dpr(r), but ci ’s and di ’s are not common
elements. Then, there exists a unique strict-isomorphism between Wq(A) and Wr (A) if and only
if A is a Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra.
As a direct consequence of Theorem 3.2 we can establish the following criterion.
Corollary 3.3. Fix two arbitrary integers q and r . If Dpr(q) = Dpr(r), then Wq and Wr are
naturally-isomorphic to each other.
In order to prove Theorem 3.2 we need the following lemma on the formal group law
Fq(X,Y )’s (q ∈ Z). For more information refer to [2].
Lemma 3.4. For any integers q and r , let us consider the corresponding formal group laws
Fq(X,Y ) = X + Y − qXY and Fr(X,Y ) = X + Y − rXY , respectively. Let
Dpr(q) = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) = {p1, . . . , pk;d1, . . . , dt }.
With this notation we have
(a) Fq(X,Y ) is strictly isomorphic to Fr(X,Y ) over the ring
Z
[
1
ci
,
1
dj
: 1 i  s, 1 j  t
]
.
(b) If q and r have the same set of prime divisors, then Fq(X,Y ) is strictly isomorphic to
Fr(X,Y ) over Z.
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f (X) = 1 − (1 − qX)
r/q
r
= X +
∑
n2
(−1)n−1 (r − q) · · · (r − (n − 1)q)
n! X
n.
Make the coefficients
(r − q) · · · (r − (n − 1)q)
n! , n 2,
into the irreducible fraction and then consider its denominator, say b(n). It is not difficult to show
that
(i) p is a prime dividing q or r , but not both ⇒ p divides b(n) for all n p.
(ii) p is a prime dividing q and r ⇒ p divides no b(n) for n 2.
(iii) p is a prime dividing neither q nor r ⇒ p divides no b(n) for n 2.
Now, our assertion follows from (i) through (iii) immediately.
(b) It follows from (a) that there are no ci ’s and dj ’s. Therefore f (X) is defined over Z. So,
it’s done. 
Let X represent the vector (Xn)n∈N and Y the vector (Yn)n∈N, respectively. Consider the set
of identities coming from the equation
Φq(X) = Φr(Y).
More precisely, we obtain the system of equations
∑
d|n
dq
n
d
−1X
n
d
d =
∑
d|n
dr
n
d
−1Y
n
d
d for all n ∈ N. (3.1)
Using Eq. (3.1), let us express Yn (n ∈ N) as a polynomial in Xd ’s (d|n) which can be done in
the inductive way. Then, one can easily show that
Yn −Xn ∈ Q[Xd : d|n and d < n].
On the other hand, it follows from Lemma 3.4 that
Yn −Xn ∈ Z
[
1
ci
,
1
dj
: 1 i  s, 1 j  t
]
[Xd : d|n].
This is because every formal group law Fq(X,Y ) (q ∈ Z) induces functorially the corresponding
ring of Witt vectors Wq(A) so that Φq is a ring homomorphism (see [2]). Putting these two
results together, we can conclude that the coefficients of Yn are defined on the ring
Z
[
1
c
,
1
d
: 1 i  s, 1 j  t
]
. (3.2)i j
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Xn + a polynomial in Xd ’s, d|n and d = n. (3.3)
Example 3.5. The explicit forms of Pn(X1, . . . ,Xn), 1 n 4, are given as follows:
P1(X1) = X1,
P2(X1,X2) = q − r2 X
2
1 +X2,
P3(X1,X2,X3) = q
2 − r2
3
X31 +X3,
P4(X1,X2,X4) = (q − r)(2q
2 − qr + 3r2)
8
X41 +
q − r
2
X22 −
r(q − r)
2
X21X2 +X4.
Now, we are ready to prove our statement on classification.
Proof of Theorem 3.2. First, assume that A is a Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra. Equiv-
alently, all ci · 1’s and dj · 1’s are units in A. Using the universal polynomials {Pn: n ∈ N}, let us
define a map
rq :W
q(A) → Wr (A), (an)n∈N →
(Pn(ad : d|n))n∈N.
Obviously, this map is well-defined in view of Eq. (3.2). To show that rq is bijective, observe
P1(X1) = X1. Now, from Eq. (3.3) it follows that if Xk’s, k < n, are expressed in Pi ’s with i  k,
then Xn can be written as
Pn + 1
n
∑
d|n
d =n
d
(
r
n
d
−1P
n
d
d − q
n
d
−1X
n
d
d
)
.
This shows the surjectivity. The injectivity follows from the fact that the coefficient of Xn in
the polynomial Pn is 1 for all n ∈ N . In order to show that rq is a ring homomorphism, let us
observe the systems of equations, which are defined over Q,
rq (X + X′) =
(
Φr
)−1 ◦Φq(X + X′)
= (Φr)−1 ◦Φq(X)+ (Φr)−1 ◦Φq(X′).
Equivalently,
Pn(sd : d|n) =Pn(Xd : d|n)+Pn
(
X′d : d|n
) (3.4)
for all n ∈ N. Here, sn = sn(Xd,X′d : d|n)’s represent the polynomials determining the addition
of the ring of nested Witt vectors. Note that polynomial-identities of Eq. (3.4) are defined over
the ring
Z
[
1
c
,
1
d
: 1 i  s, 1 j  t
]
.i j
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Finally, the fact that rq is a strict-isomorphism follows from its definition since rq (X) = Y.
Furthermore, rq is completely determined by the polynomials {Pn: n ∈ N}. It means that there
can exist at most one strict isomorphism.
Conversely, let us assume that there exists a unique strict-isomorphism, say rq :Wq(A) →
Wr (A). Hence, we have Φq = Φr ◦rq . Assume that there exists a prime p which divides q but
not r . Letting
(an)n∈N := rq (1,0,0, . . .),
we have
qn−1 =
∑
d|n
dr
n
d
−1a
n
d
d , n 1.
In particular, a1 = 1 and
rp−1 + pap = qp−1. (3.5)
Since (p, r) = 1, the Little theorem of Fermat says that rp−1 = 1 + pα for some α ∈ Z. Thus
Eq. (3.5) can be written as
p
(
α + ap − q
p−1
p
)
= −1,
which implies that p · 1 is a unit in A. In the same manner, for every the prime p dividing r but
not q , p · 1 also should be a unit in A. This completes our assertion. 
Let us apply Theorem 3.2 to several special cases. To do this we need to introduce some
auxiliary notations. First, we denote by Z(q) by the ring of integers localized at q = 0, that is,
{m/n ∈ Q: (n, q) = 1}. Next, for a nonzero integer q , we mean Zq by ring
Z
[
1
p
: p is a prime dividing q
]
.
Corollary 3.6. Let A be a commutative ring with identity. Then, we have the followings:
(a) Let q be a nonzero integer. Then, A is a Z(q)-algebra if and only if there exists a unique
strict-isomorphism, say q0 :W
0(A) → Wq(A).
(b) Let q be a nonzero integer. Then, A is a Zq -algebra if and only if there exists a unique
strict-isomorphism, say q1 :W(A) → Wq(A).
(c) Let q vary over the set of integers. Then, Wq(Z) are classified up to strict-isomorphism by
the set of prime divisors of q .
(d) For arbitrary integers q and r , Wq(A) is strictly-isomorphic to Wr (A) if A is a Q-algebra.
Proof. (a) Let q = 0 and r = 0. Recall that Dpr(q) represents the set of all prime divisors of q
and Dpr(0) the set of all primes, respectively. Hence, under the assumption of Theorem 3.2,
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from Theorem 3.2.
(b) Let r = 1. Then, Dpr(1) is the empty set. Hence, in the context of Theorem 3.2, cj ’s are
primes which divide q and there are no dj ’s. In the same way as in (a), we obtain the desired
result.
(c) Note that the units in Z are only 1 and −1, so that ci ’s and dj ’s are non-units. By Theo-
rem 3.2, Wq(Z) and Wr (Z) are strictly-isomorphic if and only if there are no ci ’s and dj ’s. On
the other hand, there are no ci ’s and dj ’s if and only if Dpr(q) = Dpr(r). So, we are done.
(d) By assumption, p · 1 is a unit in A for every prime p. Now, Theorem 3.2 gives the desired
result. 
Following the same way as in Theorem 3.2 we can also establish the following fact:
Theorem 3.7. Let q be any integer. Then the following statements are equivalent.
(a) A is a Q-algebra.
(b) The map Φq :Wq(A) → gh(A) is a ring isomorphism.
Proof. (a) ⇒ (b): This part is straightforward.
(b) ⇒ (a): We claim that p · 1 is a unit in A for every prime p. To show this, consider an
element b in gh(A) whose pth component is given as qp−1ap1 + 1. By the surjectivity of Φq
there exists a unique element (xn)n∈N in Wq(A) such that Φq((xn)n∈N) = b. Comparing the pth
component we have
qp−1xp1 + pxp = qp−1ap1 + 1.
Since x1 = a1, this identity implies that pxp = 1. Consequently p · 1 is a unit in A. Equivalently,
n · 1 is a unit in A for every n ∈ N. Immediately we have an injective ring homomorphism
i :Q → A, n
m
→ nm−1.
Thus A is a Q-algebra. 
Let A be a commutative ring with identity. In case where Wq(A) is not strictly-isomorphic
to W(A), it does not possess the identity in general. In the following, let us investigate when
Wq(A) has the identity.
First, denote an identity, if exists, by
1Wq(A) = (en)n∈N.
Notice that en’s can be determined inductively by solving the system of equations∑
d|n
dq
n
d
−1e
n
d
d = 1 (3.6)
for all n ∈ N. Note that e1 = 1. Also, if p is a prime, then Eq. (3.6) reduces to
qp−1 + pep = 1. (3.7)
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the prime divisors of q are units in A, one can find ep by letting
ep =
{
p−1(1 − qp−1) if p is a unit,
(1 − qp−1)/p otherwise.
Note that the second term (1−qp−1)/p is well-defined by virtue of the Little theorem of Fermat.
Theorem 3.8. Let A be a commutative ring with identity and q a nonzero integer. Then the
following statements are equivalent.
(a) A is a Zq -algebra.
(b) Wq(A) has an identity.
Proof. (a) ⇒ (b): If follows from Corollary 3.6(b).
(b) ⇒ (a): By the assumption there exists a unique xp ∈ A such that
qp−1 + pxp = 1 (3.8)
for every prime p which divides q . Then, Eq. (3.8) can be written as
p ·
(
qp−1
p
+ xp
)
= 1.
This implies that p · 1 is a unit in A. 
3.2. Classification of Nrq(A) as q varies over Z
Let A be a commutative ring with identity. In this section, we investigate when Nrq(A) and
Nrr (A) are strictly-isomorphic to each other. Indeed, all the results obtained in the previous
section remain still true.
Definition 3.9. Let q and r be arbitrary integers. Nrq(A) is said to be strictly-isomorphic to
Nrr (A) if there exists a ring isomorphism, say nrq : Nrq(A) → Nrr (A), satisfying ϕq = ϕr ◦ nrq .
In this case, nrq is called a strict-isomorphism.
Let
ϕq(X) = ϕr(Y),
equivalently
∑
dq
m
d
−1Yd =
∑
dr
m
d
−1Yd, m ∈ N. (3.9)d|m d|m
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ζ q(d1, d2) :=
{
d1q
d2
d1
−1 if d1|d2,
0 otherwise.
Since the ζ q is invertible, Eq. (3.9) says that
⎛
⎜⎝
...
Yd
...
⎞
⎟⎠= (ζ r)−1ζ q
⎛
⎜⎝
...
Xd
...
⎞
⎟⎠ .
Write
Ym =
∑
d|m
cm(d)Xd, cm(d) ∈ Q.
Lemma 3.10. Let q and r be any integers. With the notation of Theorem 3.2, every entry of the
matrix (ζ r )−1ζ q belongs to
Z
[
1
ci
,
1
dj
: 1 i  s, 1 j  t
]
.
Proof. This follows from Lemma 3.4. 
Following in the exactly same way as in Theorem 3.2, we can establish the following fact.
Theorem 3.11. Fix two arbitrary integers q and r . Let
Dpr(q) = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) = {p1, . . . , pk;d1, . . . , dt }.
Then, there exists a unique strict-isomorphism between Nrq(A) and Nrr (A) if and only if A is a
Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra.
Also, one can verify in a routine way that other statements such as Corollaries 3.3, 3.6, and
Theorem 3.7 remain true if we replace Wq (respectively Wr ) by Nrq (respectively Nrr ). So, we
omit the proof. We close this section by providing an analogue of Theorem 3.8.
Theorem 3.12. Let A be a commutative ring with identity and q a nonzero integer. Then the
following statements are equivalent.
(a) A is a Zq -algebra.
(b) Nrq(A) has an identity.
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in A if and only if Nrq(A) is strictly-isomorphic to Nr(A). Since Nr(A) has the identity we are
done.
(b) ⇒ (a): By assumption the following linear system of equations (over Q)
∑
d|n
dq
n
d
−1Xd = 1, n ∈ N, (3.10)
has a unique solution set. For our purpose we have to show that Xn,n ∈ N should be in Zq .
Note that Wq(Zq) has the identity by Theorem 3.8. Using the fact that Nrq(B) is isomorphic to
Wq(B) if B is a binomial ring (refer to [6,8]), we can conclude the desired result because Zq is
a binomial ring. This implies that Xn’s (n  1) belong to Zq . Since the solution set is unique,
A should be a Zq -algebra. 
4. A q-deformation of the Grothendieck ring of formal power series with constant term 1
In this section, we introduce a q-deformation of Λ(A) over rings A such that q · 1 is a unit in
A and then derive various relations among Wq(A), Nrq(A), and C(Fq,A). Putting these results
together we establish the diagram (1.1) in the introduction.
Let q be a unit in A and then consider the map
βq :C(Fq,A) → 1 +At+, γ (t) → 11 − qγ (t) .
Since q ·1 is invertible, one can easily verify that βq is bijective. Moreover, if we make 1+At+
into an abelian group whose addition is just the usual product of two formal series, then βq turns
out to be a group isomorphism.
Definition 4.1. Let A be a unital commutative ring in which q is invertible. We define Λq(A)
by the ring whose underlying set is 1 + At+ and whose ring operations are transported from
C(Fq,A) via the map βq .
We claim that Λq(A) is isomorphic to Λ(A). Via the Artin–Hasse type map, we can transport
the isomorphism q1 to an isomorphism between the corresponding groups of curves. More
precisely, define a ring isomorphism
cq := Hq ◦q1 ◦
(
H 1
)−1
:C(F1,A) → C(Fq,A).
By definition the diagram
W(A)

q
1
H C(F1,A)
cq
Wq(A)
Hq C(Fq,A)
(4.1)
344 Y.-T. Oh / Journal of Algebra 310 (2007) 325–350is commutative, and
cq
(∑
n1
F1
ant
n
)
=
∑
n1
Fq

q
1 (a)nt
n,
where a denotes the vector (an)nN. Let us derive an explicit relation between γ (t) in C(F1,A)
and cq(γ (t)) in C(Fq,A). For this purpose let us consider the equation
cq
(
γ (t)
)= Eq ◦ (E1)−1(γ (t))
over a Q-algebra A. Computing Eq ◦ (E1)−1(γ (t)) yields
cq
(
γ (t)
)=
( 1
1−γ (t)
)q − 1
q
( 1
1−γ (t)
)q = 1q
(
1 − (1 − γ (t))q). (4.2)
This identity is universal in the sense that the coefficients of both sides belong to the ring Z[ 1
q
].
So, we conclude that Eq. (4.2) holds for every ring A such that q · 1 is a unit in A. Transform
Eq. (4.2) into the following form
1
1 − qcq(γ (t)) =
(
1
1 − γ (t)
)q
. (4.3)
Motivated by Eq. (4.3) we introduce the map
ηq :Λ(A) → Λq(A), f (t) → f (t)q .
Theorem 4.2. For every commutative ring A with identity in which q · 1 is invertible, ηq is a ring
isomorphism.
Proof. Consider the identity
(
1 +
∑
n1
ant
n
)q
= 1 +
∑
n1
bnt
n.
Using the binomial expansion one can show that bn (n 1), is a polynomial of the form
qan + a polynomial in ai’s (1 i  n − 1), (4.4)
with integral coefficients. Now, the bijectivity is almost straightforward. For the injectivity, as-
sume that (
1 +
∑
n1
ant
n
)q
=
(
1 +
∑
n1
a′ntn
)q
.
Comparing the coefficients of t yields the identity a1 = a′1 since q is invertible. Assume that
ak = a′ for 1 k  n − 1. Then, the desired assertion follows from Eq. (4.4). In the same way,k
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that the diagram
C(F1,A)
β1
cq
Λ(A)
ηq
C(Fq,A)
βq
Λq(A)
(4.5)
is commutative, which follows from Eq. (4.3). 
Combining Eq. (4.1) with Eq. (4.5) we finally obtain the diagram
W(A)
H

q
1
C(F1,A)
β1
cq
Λ(A)
ηq
Wq(A)
Hq C(Fq,A)
βq
Λq(A).
(4.6)
In order to the explicit form of the isomorphism
Eq := βq ◦Hq :Wq(A) → Λq(A),
let us recall the relation
(qbn)n∈N = q · a, a = (an)n,
where
b := (bn)n∈N = q1 (a).
By the commutativity of the diagram (4.6), ηq ◦ E(a) must coincide with Eq ◦q1 (a). That is,
βq ◦Hq(b) = ηq ◦ β1 ◦H ◦
(

q
1
)−1
(b)
= ηq ◦ β1 ◦H(a)
=
∏
n1
(
1
1 − antn
)q
. (4.7)
On the other hand, since E(q · a) = E((qbn)n∈N), we have
∏
n1
(
1
1 − antn
)q
=
∏
n1
1
1 − qbntn . (4.8)
Combining Eq. (4.7) with Eq. (4.8) we obtain that
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∏
n1
1
1 − qbntn .
Remark 4.3. The diagram (4.6) implies that the identity of C(Fq,A) (respectively, Λq(A))
should be
1
q
− 1
q
(1 − t)q
(
respectively,
(
1
1 − t
)q)
.
Define Atq to be the ring whose underlying set is At and whose ring operations are given
by
∑
ant
n +
∑
bnt
n =
∑
(an + bn)tn,
∑
ant
n ·
∑
bnt
n =
∑ 1
q
(anbn)t
n.
Note that it has identity
q
∑
n0
tn = q
1 − t .
We identity it with the ghost ring over A via the map
ιq : gh(A) → Atq, (an)n →
∑
n1
qant
n−1.
Clearly, it is a ring isomorphism.
Proposition 4.4. If A is a Q-algebra, then the diagram
C(Fq,A)
βq
Λq(A)
d
dt
log
gh(A)
Eq
ιq
Atq
is commutative.
Proof. For any element (dn)n∈N ∈ gh(A)
d
dt
log◦βq ◦ Eq((dn)n∈N)= d
dt
log
(
exp
(
qd(t)
))= q d
dt
d(t) = ιq((dn)n∈N).
So, we are done. 
Y.-T. Oh / Journal of Algebra 310 (2007) 325–350 347Remark 4.5. One can easily show that the diagram
Wq(A)
Hq
Φq
C(Fq,A)
βq
Λq(A)
d
dt
log
gh(A) id gh(A) ι
q
Atq
is commutative.
Theorem 4.6. Assume that A is a binomial ring in which the element q is invertible. Then, the
map
s
q
t : Nrq(A) → Λq(A), (bn)n∈N →
∏
n1
(
1
1 − qtn
)bn
is a ring isomorphism, and Eq = sqt ◦ τq . Furthermore, the diagram
Nrq(A)
s
q
t
ϕq
Λq(A)
d
dt
log
gh(A)
ιq
Atq
(4.9)
is commutative.
Proof. First, let us show the commutativity of the diagram (4.9). Taking d
dt
log on sqt (b), where
b = (bn)n∈N,
d
dt
log◦sqt (b) =
∑
n1
bn
d
dt
log
1
1 − qtn =
∑
n1
bn
d
dt
(∑
k1
1
k
(
qtn
)k)
=
∑
m1
(∑
d|m
dq
n
d bd
)
tm−1 (letting nk =: m,n =: d)
= ιq ◦ ϕq(b).
In order to show that sqt is a ring isomorphism it suffices to prove that Eq = sqt ◦ τq since Eq and
τq are ring isomorphisms. Note that
s
q
t
(
VrM
q(a)
)= ∏
n1
(
1
1 − qtnr
)Mq(a,n)
= 1
1 − qatr ,
348 Y.-T. Oh / Journal of Algebra 310 (2007) 325–350where the second equality follows from [3, Proposition 2.19]. Hence,
s
q
t ◦ τq(a) = sqt
(∑
r1
VrM
q(ar)
)
=
∏
r1
1
1 − qar tr = E
q(a), a = (an)n∈N. 
Corollary 4.7. Let A be a binomial ring without Z-torsion. If q · 1 is not zero in A, then
Wq
(
A
[
1
q
])
∼= Nrq
(
A
[
1
q
])
∼= Λq
(
A
[
1
q
])
.
Proof. By Theorem 4.6 it suffices to show that A[ 1
q
] is a binomial ring in which q is invertible,
which can be proven in the same way as in the proof of Theorem 3.8. 
Remark 4.8. To find the inverse image of
1 +
∑
n1
ant
n, an ∈ A,
under sqt , it is worth noting
ιq ◦ ϕq(b) =
∑
n1
∑
d|n
dq
n
d bd t
n−1 =
∑
n1 nant
n−1
1 +∑n1 antn .
Comparing the coefficient of tn yields the identity
∑
j11, j20
j1+j2=n
(∑
d|j1
dq
j1
d bd
)
aj2 = nan.
Therefore, bn’s (n  1) are computed recursively and uniquely in terms of the aj ’s with 1 
j  n. For example, b1 and b2 are given as follows:
b1 = 1
q
a1, b2 = 1
q
(
a2 − λ2(a1)
)
.
In conclusion, if A is a binomial ring such that q · 1 is invertible, then we have the following
commutative diagram
Wq(A)
τq(∼=)
Φq
Nrq(A)
s
q
t (
∼=)
ϕq
Λq(A)
d
dt
log
gh(A) id gh(A)
ιq
Atq .
In particular, we already has shown in Theorem 3.8 that Z[ 1
q
] is a binomial ring. So, we obtain
the diagram (1.1).
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Let A denote a binomial ring in which q is invertible. In this section, we observe the identity,
Hq(x,0,0, . . .) = sqt ◦ τq(x,0,0, . . .), x ∈ A.
The explicit form of the above identity is given as follows:
1
1 − qxt =
∏
n1
(
1
1 − qtn
)Mq(x,n)
. (5.1)
We provide a bijective proof of it following the same method as in [5].
To begin with, we recall the concept of q-words which was introduced by Lenart [3]. Let X
be an alphabet of letters with cardinality x. Consider the free monoid (Z/qZ×X)∗ generated by
Z/qZ ×X. Define an Z/qZ-action on (Z/qZ ×X)∗ by letting the generator of Z/qZ act as(
(r1, a1), . . . , (rn, an)
) → ((r1 + 1, a1), . . . , (rn + 1, an)).
We call q-words the orbits of this action. Let w¯ denote the q-word with representative w. We
call a positive integer k a period if there is an element w0 in (Z/qZ × X)∗ of length k and ri in
Z/qZ for 1 i  |w|/k, such that
w = (r1 ·w0) · · · (r|w|/k ·w0).
Then aperiodic words are defined as usual. That is, w is aperiodic if it is a word whose unique
period is its length. We can also define necklaces and primitive necklace in the usual way. If a
word is a q-word and a primitive necklace, then it is called a primitive q-necklace.
We also need the concept of placements. Given a set n := {1,2, . . . , n}, n 1, and a set A of
α objects, we define a placement with domain n and range A to be a pair (f,π), where f is a
function from S to A, and π is a permutation of the set S. Note that the cardinality of the set of
all placements in the above is αnn!. Let (f,π) be a placement with domain n, and with a cyclic
permutation π . Choosing an element e ∈ n, then we obtain a word
w(e) = f (e1)f (e2) · · ·f (en), where ei := πi−1(e).
If e′ = e, w(e) and w(e′) are conjugate. So, (f,π) defines a necklace, say γ . If the period of γ
is the primitive necklace δ, we say that (f,π) has period δ. In case π is not cyclic, decompose
it as disjoint cycles and then restrict (f,π) to each cycle. Denote by (f,π)|μ the placement
corresponding the cycle μ. We say that (f,π) is of period δ whenever, for every cycle μ of the
permutation π , the period of (f,π)|μ is δ.
Lemma 5.1. [5] For a positive integer n assume that |δ| divide n. Then, the cardinality of the set
of all placements of period δ with domain n and range A is n!.
The left-hand side of Eq. (5.1) expands as
1
1 − qxt =
∑
(qx)n · n! t
n
n! .
n0
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domain n and fixed range (Z/qZ ×X).
Now, let Δ be the set of all primitive q-necklaces of (Z/qZ × X). The right-hand side of
Eq. (5.1) can be rewritten as
∏
δ∈Δ
(
1
1 − qt |δ|
)
,
since Mq(x,n) represents the number of primitive q-necklaces of length n (refer to [3,8]).
Let (f,π) be a placement with variable domain n and range (Z/qZ × X). Then there is a
unique partition q of n such that the periods of (f,π)|B and (f,π)|B ′ are different if the blocks
B and B ′ of q are distinct. Thus, if g(δ, t) is the exponential generation function of the set of all
placements of period δ of domain n, and range (Z/qZ ×X), as n varies we have
1
1 − qxt =
∏
δ∈Δ
g(δ, t).
But, by Lemma 5.1 we have
g(δ, t) =
∑
n0
qn
(|δ|n)! t |δ|n|δ|n! = 11 − qt |δ| .
This completes the proof.
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